A planktonic resource–consumer model with a temporal delay in nutrient recycling  by Gao, Meng et al.
J. Math. Anal. Appl. 339 (2008) 511–516
www.elsevier.com/locate/jmaa
A planktonic resource–consumer model with a temporal delay
in nutrient recycling ✩
Meng Gao a,∗, Honghua Shi b, Zizhen Li a
a Institute of Biomathematics, School of Mathematics and Statistics, Lanzhou University, Lanzhou 730000, People’s Republic of China
b Department of Mathematics and College of Environmental Science and Engineering, Ocean University of China, Qingdao 266071,
People’s Republic of China
Received 21 September 2006
Available online 19 July 2007
Submitted by Goong Chen
Abstract
A planktonic resource–consumer model is investigated analytically as well as numerically. A feedback loop and a temporal delay
are considered. The local asymptotical stability of the non-trivial equilibrium is discussed. Using Lyapunov functional technique,
the global stability of the non-trivial equilibrium is also discussed for a linear uptake term. In conclusion, we show that the
introduction of a temporal delay in nutrient recycling can destabilize the system and periodic solution can arise. Finally, numerical
simulations are performed to illustrate the dynamical behaviors.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
In recent years, harmful algae blooms caused by nutrient enrichment (eutrophication) in aquatic ecosystem have
attracted more and more interest of biologist [1]. Therefore, numerous mathematical models were developed to in-
vestigate the planktonic dynamics and nutrient recycling [2,3]. Planktons uptake the nutrient from the water, and the
nutrient recycle to the water column through excretion and decomposition. Therefore, the nutrient recycling form a
feedback loop. Many mathematical models describing the dynamics of plankton are composed by systems of ordinary
differential equations without delay [2–5]. However, the recycling process including temporal delays in such models
are more realistic, as the decomposition is not an instantaneous process but a durable process.
In this paper, we study a simple mathematical model for the effect of temporal delay τ in nutrient recycling on
plankton dynamics. This paper is organized as follows: In Section 2, we derive the mathematical model by introducing
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512 M. Gao et al. / J. Math. Anal. Appl. 339 (2008) 511–516a temporal delay. The equilibrium and stability are discussed in Section 3. In Section 4, numerical simulations of the
model are performed. Section 5 concludes the main results and points out the direction of the future works.
2. The mathematical model
We study a simple chemostat-like model with two state variables: dissolved nutrient (X), nutrient in plankton (Y )
(the amount of nutrient in plankton biomass is a fixed fraction, thus they are equivalent) [3]. The mathematical model
with temporal delay has a following form:
dX
dt
= a − bX − f (X)Y + γ Y (t − τ)e−μτ ,
dY
dt
= f (X)Y − μY − γ Y. (1)
Here a and b are the inflow and loss rates of the nutrient, respectively. In the absence of biotic uptake of the plankton
(Y ≡ 0), the nutrient has a stable state. The term f (X)Y represents the biotic uptake. The function f (X) is usually
chosen as a non-linear function with the following prosperities: f (0) = 0 and f ′(X) > 0 for X  0. γ is the recycling
rate (or the natural death rate), and τ is the length of decomposition period. μ is the removal rate of the plankton
(consumed by the upper trophic organisms). Both live and dead plankton are consumed, therefore we multiply an
exponential term e−μτ to Y(t − τ). All the parameters used in the model are positive numbers. Compared with
planktonic resource–consumer models without temporal delay, this model is more realistic. This model is similar to
an epidemic SIR model with temporary immunity [6] except the interaction term, where that in the SIR model is not
in the form f (X)Y but f (Y )X.
3. Equilibrium and stability analysis
As both the variables in the mathematical model represent the quantity of nutrient, it is feasible that all the variables
are non-negative or positive. In other words, we want to prove that the solutions will remain positive, given that the
initial states are positive. We use the technique introduced in [7], which has also been used in [6], to prove the positivity
of the solutions.
Theorem 1. The solution of system (1) remains positive for all t > 0, if X(0) > 0, Y(s)  0 for all s ∈ [−τ,0] and
Y(0) > 0.
Proof. Suppose not, we assume that a first time t1 > 0 such that X(t1)Y (t1) = 0. Without loss of generality, we firstly
assume that Y(t1) = 0, and X(t)  0 for t ∈ [0, t1]. We define δ = min0tt1{f (X) − μ − γ }, then for ∈ [−τ,0],
dY (t)/dt  δY (t), and Y(t1) Y(0)eδt > 0, which is a contraction. If not, we assume that X(t1) = 0 and Y(t)  0
for all t ∈ [0, t1]. It is observed that for the first equation in system (1), we have
dX(t)
dt
∣∣∣
t=t1
= −bX(t1) − f
(
X(t1)
)
Y(t1) + a + γ Y (t1 − τ)e−μτ > 0.
Since X(0) > 0, and X(t1) > 0, we deduce that
dX(t)
dt
∣∣∣
t=t1
 0
thus, we also get a contraction. Therefore, we conclude the positivity of the solution of system (1). The proof is
completed. 
System (1) has two non-trivial equilibria, namely, (i) E0 = (a/b,0) and (ii) E1 = (X∗, Y ∗). As we have noted that
f (0) = 0 and f ′(X) > 0 for X  0, then f (X) is monotonic. If we deduce f −1(X) as the inverse function of f (X),
and assume X∗ and Y ∗ can be explicitly solved from system (1),
X∗ = f −1(μ + γ ), Y ∗ = a − bX
∗
−μτ . (2)μ + γ − γ e
M. Gao et al. / J. Math. Anal. Appl. 339 (2008) 511–516 513We merely concern with the positive solutions, X∗ > 0 and Y ∗ > 0. The positivity of X∗ is obviously, and Y ∗ > 0
implies that
a − bf −1(μ + γ ) > 0. (3)
We are interested in the stability of the equilibria. Firstly, a linear stability analysis about E0 is done. After an algebraic
manipulations, we obtain two eigenvalues λ1 = −b and λ2 = f (a/b) − μ − γ . The condition ensuring the instability
of E0 is that
λ2 = f
(
a
b
)
− μ − γ > 0. (4)
In fact, Eqs. (3) and (4) are equivalent. We summarize the above result as
Proposition 1. The existence of a non-trivial positive equilibrium E1 implies the instability of the equilibrium E0.
We then analyze the stability of E1, and the method was introduced in [8,9] in details. After a series of algebraic
manipulation, we obtain the linearisation matrix of system (1) near E1,
A =
(−b − f ′(X∗)Y ∗ −f (X∗) + γ e(−λ+μ)τ
f ′(X∗)Y ∗ 0
)
.
Matrix A has the following characteristic equation:
Δ(λ) = λ2 + a1λ + a2 − γf ′
(
X∗
)
Y ∗e(−λ+μ)τ = 0 (5)
and a1 = b + f ′(X∗)Y ∗, a2 = (μ + γ )f ′(X∗)Y ∗. Suppose, λ = iv with v > 0 is a root of Eq. (5) for some time
delay τ . Substitute λ = iv into Eq. (5), and separate the real and imaginary parts, we obtain{−v2 + a2 = γf ′(X∗)Y ∗e(−λ+μ)τ cosvτ,
a1v = −γf ′
(
X∗
)
Y ∗e(−λ+μ)τ sinvτ.
(6)
Directly applying the theorem in [6,10], we obtain the following theorem.
Theorem 2. The non-trivial equilibrium E1 is locally asymptotically if a1 > 2a2 and a22 > (γf ′(X∗)Y ∗)2e−2μτ for
all τ  0.
In fact, it is difficult to give a general condition to suffice the global stability of the non-trivial equilibrium. In the
following, we will investigate a simple case, on which f (X) = cX (obviously, f (X) satisfies the properties f ′(X) > 0
for X  0). Before proving the global asymptotically stability of E1, we first prove the following lemma that will be
used in further analysis.
Lemma 1. The solution of system (1) is bounded for all t > 0.
Proof. The outline of the proof is as follows: we first introduce an independent variable Z(t), whose dynamics is
determined by X(t) and Y(t). Then we prove that Z(t) also keeps positive as X(t) and Y(t) given Z(0) > 0. At last,
we prove the result by showing X(t) + Y(t) + Z(t) is bounded.
Assume that X(t) is governed by the following differential equation:
dZ(t)
dt
= γ (Y(t) − Y(t − τ)e−μτ )− μZ, Z(0) > 0. (7)
The solution of Z(t) is
Z(t) = γ
t∫
e−μ(t−s)Y (s) ds.t−τ
514 M. Gao et al. / J. Math. Anal. Appl. 339 (2008) 511–516According to Theorem 1, we have X(t) > 0 and Y(t) > 0 for all t  0. Adding the two equations in system (1) and
Eq. (7) together, gives
d(X(t) + Y(t) + Z(t))
dt
= a − bX(t) − μY(t) − μZ(t). (8)
If we define m = min(b,μ) > 0, we have
d(X(t) + Y(t) + Z(t))
dt
 a − m(X(t) + Y(t) + Z(t))
and
X(t) + Y(t) + Z(t) a
m
− a − M[X(0) + Y(0) + Z(0)]
m
e−mt , (9)
then we complete the proof. 
Theorem 3.
(i) f (X) = cX, c is constant and positive;
(ii) the initial conditions are the same as in Theorem 1;
(iii) τ > max
{
1
μ
ln
[
γ
2b
]
,
1
μ
ln
[
3γ θ
2(θ + 1)(μ + γ ) − 2cM
]}
, M = max{X(t)} and θ = cY ∗
μ + γ + b .
If all the above conditions are satisfied, the equilibrium E1 is global asymptotically stable.
Proof. We first introduce two new variables x = X − X∗ and y = Y − Y ∗, then substituting these variables into
system (1), gives
dx
dt
= −bx − cY ∗x − cXy + γy(t − τ)e−μτ ,
dy
dt
= cY ∗x + cXy − (μ + γ )y. (10)
The global stability of E1 of system (1) is equivalent to the global stability of the trivial equilibrium of system (10).
Now, we choose the following Lyapunov function:
V (x, y) = 1
2
θ(x + y)2 + 1
2
y2 + γ θe−μτ
t∫
t−τ
y2(s) ds, (11)
where θ > 0 is an arbitrary real constant. The derivative of V (x, y) is
V ′ = θ(x + y)(x′ + y′) + yy′ + γ θe−μτ[y2 − y2(t − τ)]
= θ[−bx2 − (μ + γ )y2 − γ xy(t − τ) − yy(t − τ)e−μτ ]+ [cY ∗ − θ(μ + γ + b)]xy
+ cXy2 − (μ + γ )y2 + γ θe−μτ [y2 − y2(t − τ)]. (12)
Choosing θ as θ = cY ∗/(μ + γ + b), then the xy term can be deleted. As X(t) is positive and bounded, we define
M = max{X(t)}. Applying the Cauchy–Schwartz inequality and arranging similar terms, we obtain the last inequality,
V ′ < −θ
(
b − γ
2
)
x2 −
[
(θ + 1)(μ + γ ) − cM − 3
2
γ θe−μτ
]
y2. (13)
The expression (13) is negative provided that
τ > max
{
1
μ
ln
[
γ
2b
]
,
1
μ
ln
[
3γ θ
2(θ + 1)(μ + γ ) − 2cM
]}
.
Here, we complete the proof. 
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Parameter values and their units
Parameter a b c k μ γ
Unit mmol N/(m3 d) d−1 d−1 mmol N/m3 d−1 d−1
Value 0.03 0.003 0.7 0.5 0.1 0.03
Fig. 1. The criteria of the local stability and a periodic solution.
4. Numerical simulation
In this section, we consider a special case, where f (X) = cX
k+X , c is the maximum nutrient uptake rate, and k is
half-saturation constant. Obviously, the properties f ′(X) > 0 for X  0 are satisfied. To study the dynamics of the
planktonic resource–consumer system with feedback loop and temporal delay, the solution of system (1) with positive
initial conditions is obtained numerically for feasible parameter values. The parameters and the units are listed in
Table 1.
Firstly, we plot the diagram of a1 − 2a2 and a22 − (γf ′(X∗)Y ∗)2e−2μτ , which are the criteria of the local stability
of the equilibrium E1 as a function of the temporal delay τ . As is clear from Fig. 1, a1 − 2a2 will be less than zero
if τ  2.5. When τ is small, the steady state will be local asymptotically stable. As τ increases, this steady state can
undergo Hopf bifurcation and give a stable periodic solution. From the criteria of the local stability, the critical value
of τ is approximately 2.5. A periodic solution illustrated in Fig. 1 verifies the previous analysis.
5. Conclusions
In this paper, we have derived a mathematical model of planktonic resource–consumer system with a feedback
loop and a temporal delay. The feedback loop represents the nutrient recycling and the temporal delay represents the
period of decomposition of the plankton. Few previous studies has pay attention to the effect of temporal delay in
nutrient recycling, which is feasible in planktonic system.
Firstly, we studied the model analytically for a general case, where the interaction term f (X) obeying the properties
f (0) = 0 and f ′(X) > 0 for X  0. With positive initial conditions, we found that the solutions are always positive
and bounded. We also deduced the condition under which the non-trivial equilibrium E0 is local stable. It proves
that the positivity of the non-trivial equilibrium E1 implies the instability of the equilibrium E0. Criteria of the local
stability of the non-trivial equilibrium are also deduced. Particularly, for a linear uptake term f (X) = cX, using the
Lyapunov functional technique, we proved that the non-trivial equilibrium is global stable under the conditions listed
in Theorem 3. Numerical simulations showed that, with some biologically feasible parameters, the model will give
a periodic solution when τ cross a critical value. Therefore, the numerical results agreed well with the mathematical
analysis.
Planktonic ecosystem is very complex and interesting, and investigating its dynamics is usually a troublesome.
Mathematical models based on differential equations provide a powerful tool to investigate the planktonic dynamics.
516 M. Gao et al. / J. Math. Anal. Appl. 339 (2008) 511–516This paper incorporated a temporal delay in nutrient recycling, which is more realistic than previous models [2–4].
However, we only used constant parameters in this study, which cannot represent the real environment perfectly
since the environmental factors that affects various parameters of the biological model fluctuates periodically [11].
Therefore, the parameters should be taken as periodic functions of time, and further works should consider the effects
of periodic forcing on the planktonic ecosystem.
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